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Introduction
The study of Earths rotation is an interdisciplinary pursuit of geodesy, geophysics, and astronomy. Observations from space geodesy and astrometry promote improvements of Earths rotation theory in geodesy and geophysics. Conventionally, scientists focus on the rotationally symmetric Earth rotation theory, from one-layer to three-layer models (Dehant & Mathews, 2015; Lambeck, 1980; Moritz & Mueller, 1987; Munk & MacDonald, 1960) due to the fact that (1) observation accuracies have been historically insufficient, and (2), these models are more easily dealt with. However, with increasing levels of science and technology, observations are achieving successively higher accuracy levels. Hence, a more rigorous triaxial three-layered Earth rotation theory is required. The new theory is expected to better describe the real stratified rotational behaviors of a three-layered Earth, and better reveal the mechanisms of the relevant Earth rotation variation phenomena, such as variations of the Chandler wobble (CW) and decadal variations of the length of day (LOD).
Earth's triaxiality is generally neglected in the aforementioned Earth rotational theories. However, the discovery of the Earth's layered lateral heterogeneity from seismic evidence (Deuss, 2014; Dziewonski, Forte, Su, & Woodward, 1993; Soldati, Boschi, & Piersanti, 2003) and modern geodetic observations (e.g. Bura (1992) ; Chen and Shen (2010) ; Groten (2004) ; Marchenko and Schwintzer (2003) ) demonstrate that not only is the whole Earth triaxial, but that the fluid outer core and solid inner core are also triaxial (Chen, Li, Ray, Shen, and Huang (2015) ; Sun and Shen (2016) ). Burša andŠíma (1984) determined the principal moments of inertia for the triaxial Earth using second-order Stokes coefficients and stated that the direction of the largest axis of the best-fitting triaxial Earth's ellipsoid is practically identical with the direction of the axis of the triaxial Earth's smallest principal moments of inertia with a longitude of −14.90
• . Liu and Chao (1991) formulated a method for determining the principal inertial axes and the difference between the two equatorial principal moments of inertia of the triaxial Earth. Bura (1992) computed the principal moments of the triaxial Earth's inertia and their differences from second degree geopotential parameters and astronomical dynamical ellipticity. Marchenko and Schwintzer (2003) proposed an eigenvalue-eigen vector method to derive a group of principal moments of inertia from second-order gravitational potential coefficients. Groten (2004) summarized the principal moments of inertia for the triaxial Earth and other basic parameters related to astronomy, geodesy, and geodynamics. After Chen and Shen (2010) , Chen et al. (2015) further provided the dynamical figure parameters of a triaxial three-layered Earth model, including the principal moments of inertia and dynamical ellipticity for each layer. Hence, to better describe the Earths rotation behavior it is necessary to consider triaxiality when formulating Earth rotation theories.
Previously, some scientists have studied the triaxial effects based on rigid Earth or elastic Earth models. Seitz and Schmidt (2005) studied the atmospheric and oceanic excitations for a triaxial elastic Earth based on their Dynamic Model for Earth Rotation and Gravity (DyMEG). Gross (2007 Gross ( , 2015 formulated a triaxial elastic Earth rotation theory and described the observational phenomena of polar motion and length of day variations. Bizouard and Zotov (2013) found that based on a triaxial elastic Earth model, the pole tide and the triaxiality will both lead to asymmetric polar motion, while the effect of triaxiality will partly cancel the effect of the pole tide. Though Hinderer, Legros, and Amalvict (1982) formulated a triaxial two-layered Earth rotation theory, they studied the perturbations of the CW eigenfrequencies and the Nearly Diurnal Free Wobble (NDFW) under the rotationally symmetric condition. Van Hoolst and Dehant (2002) successfully considered the triaxial and second-order effects of geometric and dynamical flattenings on the normal modes CW and Free Core Nutation (FCN) of a two-layered Earth model and Mars model under the framework of Dehant, Hinderer, Legros, and Lefftz (1993) .
In the last ten years, Shen, Chen, Wang, and Liang (2007) and Shen, Chen, and Sun (2008) investigated the rotational behavior of a triaxial rigid Earth and estimated the principal moments of inertia for the whole Earth. Chen and Shen (2010) formulated a triaxial two-layered Earth rotational theory and provided the normal mode solutions that match the observations very well after considering the mantle anelasticity and ocean tide dissipations, and applied the theory to polar motion excitation while considering a frequency dependent response. Chen, Ray, Li, Huang, and Shen (2013) and further investigated the frequency dependent response of polar motion excitation by modeling the mantle anelasticity, quasi-fluid rheology, ocean tides, and core mantle coupling, and Chen et al. (2015) estimated the triaxial dynamic figure parameters of the triaxial threelayered Earth based on new gravity field models EGM2008, EIGEN-6C, and EIGEN-6C2. Sun and Shen (2016) extended the theory of Chen and Shen (2010) by considering the complex compliances and inverted the core triaxiality parameters by using the difference between the empirical and theoretical models for prograde diurnal polar motion. Under the triaxial two-layered Earth rotation frame, Yang and Shen (2016) further considered the electromagnetic coupling between the mantle and fluid core and investigated the effects of the compliances on the rotational CW and FCN normal modes.
Before formulating a triaxial three-layered Earth rotation theory and investigating the effects of triaxiality on the rotational normal modes, we first reviewed the current rotationally symmetric Earth rotation theories based on the angular momentum balance (AMB) approach that was used in our formulation. Due to the pioneer work of Hough and Analysis (1895) and Poincaré (1910) for the rigid mantle and incompressible fluid core, Sasao, Okamoto, and Sakai (1977) built a rotationally symmetric two-layered Earth rotation theory by considering the elastic mantle and incompressible fluid core, and Sasao, Okubo, and Saito (1980) extended the model by considering a compressible fluid core instead. Since the moments of inertia of the inner core are only about 7/10000 of the whole Earth, the inner core is often neglected in conventional Earth rotation theory. The two-layered Earth rotational theory of Hinderer et al. (1982) is different from the work of Sasao et al. (1977) and Sasao et al. (1980) , and the former was applied by Cui, Sun, Xu, and Zhou (2012) to study the FCN and core mantle coupling effects. Jochmann (2009) formulated a two-layered Earth rotational model with inertia coupling and provided the rotational normal mode analytical solutions for CW and FCN, and investigated the effect of pole tide on the CW. Szeto and Smylie (1984) and Smylie, Szeto, and Rochester (1984) deployed the Euler kinematic and dynamic equations to describe the motion of the inner core, and found a rapid precession and a slow precession in the mantle frame that were later confirmed as the Free Inner Core Nutation (FICN) and Inner Core Wobble (ICW) (Xu & Szeto, 1998) . Mathews, Buffett, Herring, and Shapiro (1991a) formulated a rotationally symmetric three-layered Earth rotation theory with pressure and gravitational couplings considered (simply MBHS1991 theory), and stated that two more normal modes will be induced because of the inner core, namely the FICN and ICW. Further, Mathews, Herring, and Buffett (2002) considered the effects of electromagnetic couplings, mantle anelasticity, and ocean tide dissipations, finding that the FICN period will be prolonged to 1025 mean solar days (d). In the frame of the AMB approach, Dehant et al. (1993) also independently formulated a rotationally symmetric three-layered Earth rotation theory, and provided four rotational normal modes. Legros, Hinderer, Lefftz, and Dehant (1993) accounted for the resonance effects induced by the tidal potential, atmospheric loading in the tides, and nutation based on the work of Dehant et al. (1993) . Under the framework of MBHS1991 theory, Dumberry and Bloxham (2002) investigated the effect of the inner core tilt on decadal polar motion excitation that is frequently referred to as the Markowitz wobble, and found that a torque of 10 20 N m with a 0.07 degree inner core tilt is needed that critically depends on the viscosity of the inner core. Later, Dumberry (2008a) further explained the Markowitz wobble based on a time-dependent axial misalignment model between the density structures of the inner core and mantle. Dumberry (2008b) and Dumberry (2009) successfully extended the MBHS1991 theory to consider the inner core tilt induced elastic deformations, while Dumberry and Wieczorek (2016) extended the MBHS1991 theory to formulate a new rotation model to study the forced precession of the inner core of the Moon.
Generally, there are two kinds of normal modes in solid Earth system theories (Chao, 2017) , seismic normal modes (or free oscillation modes) mainly excited episodically by earthquakes (Dahlen, 1968 (Dahlen, , 1969 , and rotational normal modes continually excited by mass redistributions, relative motions, and external torques (Chen & Shen, 2010; Dehant et al., 1993; Mathews et al., 1991a; Mathews, Buffett, Herring, & Shapiro, 1991b; Mathews et al., 2002; Rochester, Crossley, & Zhang, 2014; Rogister & Valette, 2009; Smith, 1977; Van Hoolst & Dehant, 2002; Wahr, 1981a Wahr, , 1981b . The normal modes reflect the structure, components, and physics of the Earth. For example, various free oscillation modes (combined with other observations) were used to establish the preliminary reference Earth model (PREM) (Dziewonski & Anderson, 1981 ) that has broad applications in the geosciences. In another aspect, the rotational normal modes can be used to reveal the rotational behavior and physics of the stratified Earth, such as excitation mechanisms and core mantle coupling properties (Cui et al., 2012) .
Hence, scientists pay great attention to various rotational normal modes for the Earth, including the CW, FCN, FICN, and ICW. Various observations of the rotational CW and FCN normal modes have been obtained by analyzing different kinds of data sets, including for instance, the Earth orientation parameter (EOP) data, very long baseline interferometry (VLBI) data, superconducting gravity data, and others. Furuya and Chao (1996) estimated the period and quality factor Q of the CW with polar motion data and Atmospheric Angular Momentum (AAM) data by investigating the Inverted Barometer (IB) effect on excitation functions, while Vondrák, Ron, and Chapanov (2017) determined the period and Q of the CW based on numerical integration of the broad-band Liouville equations by considering the effect of geomagnetic jerk. Nastula and Gross (2015) obtained the period and Q of the CW by minimizing the difference between the modeled and observed polar motion excitation functions that are derived from polar motion data and second degree gravitational potential coefficients based on observations of satellite laser range (SLR) (e.g. Cheng, Ries, and Tapley (2011) ) and Gravity Recovery and Climate Experiment (GRACE) (e.g., Bettadpur (2012) ). Due to time-varying excitation and damping, the FCN is not included in precessionnutation model and remains in the celestial pole offsets (CPO) data observed by the VLBI technique. Hence, the period and Q of the FCN can be analyzed with these data by using different methods (Chao & Hsieh, 2015; Krásná, Böhm, & Schuh, 2013; Lambert & Dehant, 2007; Zhou et al., 2016) . Chao and Hsieh (2015) formulated the dynamics of the FCN and estimated its eigenperiod using VLBI data. Observed from the Terrestrial Reference System, the FCN will become the NDFW, and due to strong resonance with the solid Earth tides in the diurnal band, the NDFW can be observed using superconducting gravity data (Ducarme, Sun, & Xu, 2007; Rosat, Florsch, Hinderer, & Llubes, 2009 ). Rosat and Lambert (2009) and Rosat, Lambert, Gattano, and Calvo (2017) successfully obtained the FCN parameters using both the VLBI data and superconducting gravity data. Recently, Rosat, Calvo, and Lambert (2016) and Rosat et al. (2017) searched for a possible FICN resonance effect with a period of 1300 sidereal days using superconducting gravimeter data and the CPO series. However, until now, there are no reliable observations of the periods and Qs of the FICN and ICW, and this attracts great interests from scientists.
In theory, to solve the rotational normal modes of Earths rotation, generally three kinds of methods are used: the AMB approach Hinderer et al., 1982; Mathews et al., 1991a; Mathews et al., 2002; Sasao et al., 1977 Sasao et al., , 1980 Sasao & Wahr, 1981) , displacement field (DF) approach (de Vries & Wahr, 1991; Dehant & Mathews, 2015; Rochester et al., 2014; Rogister & Valette, 2009; Smith, 1974; Wahr, 1981b) , and the Hamiltonian analysis (HA) approach (Ferrándiz, Navarro, Escapa, & Getino, 2015; Getino & Ferrándiz, 1997 . Based on the AMB approach, the rigid Earth model provides one rotational normal mode, namely the CW (Moritz & Mueller, 1987) . The two-layered Earth model with a rigid or elastic mantle and an incompressible or compressible fluid core will generate two normal modes, namely the CW and FCN, with different periods (Sasao et al., 1977 (Sasao et al., , 1980 . The biaxial three-layered Earth model with an elastic solid mantle, compressible fluid outer core, and solid inner core will give rise to four normal modes, namely the CW, FCN, FICN, and ICW Legros et al., 1993; Mathews et al., 1991a) . Based on the DF approach, except the rotational normal mode CW, as summarized by Mathews et al. (1991a) , the FCN, FICN and ICW normal modes will appear if the fluid core and solid inner core are considered. For example, by considering the solid inner core and its non-hydrostatic structure, de Vries and Wahr (1991) independently found the new normal mode FICN. Rogister and Valette (2009) successfully investigated the influences of the liquid outer core on the CW, FCN, and FICN rotational normal modes. Crossley and Rochester (2014) studied the CW, FCN, FICN and ICW rotational normal modes based on their wobble-nutation theory . Based on the HA approach, for a two-layered solid mantle and fluid core Earth model, there will be two rotational normal modes, namely, the CW and FCN (Getino, González, & Escapa, 2000; González & Getino, 1997) , and for a threelayered solid mantle, fluid outer core, and solid inner core Earth model, there will be four rotational normal modes, the CW, FCN, FICN, and ICW (Escapa, Getino, & Ferrándiz, 2001) , consistent with the AMB approach.
Here, aligned with previous studies (Chen & Shen, 2010; Mathews et al., 1991a; Sun & Shen, 2016; Yang & Shen, 2016) , we formulated a triaxial three-layered Earth rotation theory. The Earth is composed of an anelastic mantle (including the crust, hereafter, the same meaning), a fluid outer core, and a solid inner core. In section 2, we first generalized the MBHS1991 theory by extending the rotational symmetric moments of the inertial tensor into the triaxial tensors. Then, the external tesseral tidal, pressure, and gravitational coupling torques were extended into the triaxial theory to match the triaxial moments of inertia tensor. In addition, the viscoelectromagnetic coupling torques near the core-mantle boundary (CMB) and inner core boundary (ICB) were considered and extended into the triaxial theory. A new triaxial three-layered Earth rotation theory was then established. In section 3, we used two approaches to solve the normal modes of the triaxial three-layered Earth rotation equations. In section 4, we describe the needed input data, including the dynamical figure parameters of the triaxial three-layered Earth, compliances partly from Yang and Shen (2016) and partly from Mathews et al. (2002) , and the core mantle coupling parameters. In section 5, to validate the triaxial three-layered Earth rotation theory, we calculated the corresponding four rotational normal modes, and compared the new results with those obtained by conventional theories. Additionally, the dissipative properties of the four normal Earth rotation modes are discussed. Since there are lots of observations of the CW and FCN periods, here we used the means of the CW and FCN period observations to adjust the values of the compliances to best match the observations. In section 6, we studied the rotational normal modes extensively by investigating the rotational normal modes under different core mantle coupling conditions with some simplified cases, because different core mantle couplings, like viscoelectromagnetic, gravitational, pressure couplings will have significant and distinct effects on the rotational normal modes, i.e. the CW, FCN, FICN and ICW. In section 7 we summarized the study and discuss relevant problems.
Theory
In this study we adopted the basic assumptions deployed by Mathews et al. (1991a) and Mathews et al. (2002) . The standard Earth, composed of the elastic mantle, fluid outer core, and the solid inner core are defined as rotating with a mean angular velocity Ω 0 about a mean rotational vector I 3 along the z axis of a geocentric quasi-inertial reference system called the geocentric celestial reference system (GCRS). As discussed in Mathews et al. (1991a) , the displacement field of the real Earth with respect to the standard Earth can be divided into a rigid rotation component and a deformation field. We applied the rigid rotation to the solid inner core of the standard Earth to define the instantaneous figure axis i ′ 3 , and also applied the rigid rotation to the mantle and fluid outer core of the standard Earth to define the mantle fixed i-system (i 1 , i 2 , i 3 ). These two coordinate systems were designed to separate the rigid rotation induced inertial tensor components and the deformations induced by varying the inertial tensor components, where the rigid rotation induced components constitute two independent quasi-principal axis systems, and the deformations caused by tides and non-uniform rotation are considered later as deviations. The tilt of the inner core is thus n s = i ′ 3 − i 3 . The i-system is close to, but not the Tisserand mean axial system (TMAS) (Munk & MacDonald, 1960) , as stated by Mathews et al. (1991a) . Thus, in an inertial system, the angular velocities of the mantle, fluid outer core, and solid inner core can be expressed as (Mathews et al., 1991a) :
(1)
In the MBHS1991 theory, only terms with a magnitude of O(m) or O(mǫ) are considered, and the 2nd order terms with magnitudes of O(m 2 ) and O(mǫ 2 ) or higher order terms are neglected. The pressure and gravitational coupling torques acting on the fluid outer core are neglected in the fluid outer core rotational equation (see equation (3)) due to the higher order effect of O(mǫ 2 ). This is referred to as SOS approximation, that was first proposed by Sasao et al. (1980) and later used by Mathews et al. (1991a) . Similarly, in our study, we also considered only the first order terms of O(m) or O(mǫ), and neglected the higher order terms for simplicity. In addition, Mathews and Guo (2005) extended the electromagnetic coupling models in Mathews et al. (2002) to include viscous couplings, thus the new viscoelectromagnetic coupling torques were generalized and applied to the triaxial case. We note that considering higher order terms in triaxial three-layered rotation theory is much more complicated. For example, the second order dynamical and geometric flattening effects of a triaxial three-layered Earth with a magnitude of O(mǫ 2 ), or the second order rotational parameter effects of a triaxial three-layered Earth with a magnitude of O(m 2 ) were not considered here.
Based on the above assumptions, the coupled rotational equation for a triaxial threelayered Earth can be formulated in the i (i 1 , i 2 , i 3 ) principal axis system (Dumberry, 2008a (Dumberry, , 2009 Koot, Rivoldini, de Viron, & Dehant, 2008; Mathews et al., 1991a; Mathews et al., 2002) :
where H and Ω are the angular momentum and angular velocity for the whole Earth, respectively. Γ is the external tesseral tidal torque, H f is the angular momentum of the fluid outer core, ω f is the angular velocity of the outer core with respect to the mantle, Γ CMB is the viscoelectromagnetic coupling torque acting on the fluid outer core by the mantle, Γ ICB is the viscoelectromagnetic coupling torque acting on the solid inner core by the fluid outer core, H s is the angular momentum of the solid inner core, and Γ s is the pressure and gravitational coupling torque acting on the solid inner core by the fluid outer core and mantle.
Following Mathews et al. (1991a) , the external tesseral tidal torque acting on the whole Earth, Γ, can be extended into the triaxial case, expressed as
where A, B, C are the moments of inertia for the whole Earth, and φ = φ 1 + iφ 2 is the dimensionless tesseral tidal potential expressed as
where M c is the mass of the perturbing celestial body, namely the moon, the Sun, or other planets in our solar system, and (d x , d y , d z ) are the components of the position vector d for that celestial body.
According to Mathews et al. (2002) and Mathews and Guo (2005) , the viscoelectromagnetic coupling torque acting on the fluid outer core by the mantle, Γ CMB , can be expressed in the triaxial form as
where K CMB is the dimensionless viscoelectromagnetic coupling parameter between the mantle and fluid outer core, A f and B f are the equatorial moments of inertia for the fluid outer core, m f 1 and m f 2 are the equatorial components for the rotational parameters of the fluid outer core and the viscoelectromagnetic coupling torque acting on the solid inner core by the fluid outer core. Γ ICB can be expressed in the triaxial form as
where K ICB is the dimensionless viscoelectromagnetic coupling parameter between the fluid outer core and solid inner core, A s and B s are the equatorial moments of inertia for the solid inner core, and m s 1 and m s 2 are the equatorial components of the rotational parameters for the solid inner core.
The pressure and gravitational coupling torque acting on the solid inner core by the fluid outer core and mantle, Γ s , can also be extended into the triaxial cases, expressed as
compared to the rotationally symmetric cases given by Mathews et al. (1991a) . In equation (8), A s , B s , and C s are the moments of inertia for the solid inner core, α 1 , α 2 , and α 3 are the pressure and gravitational coupling parameters, n s = i
) is the tilt of the solid inner core and c s 13 and c s 23 are inertia products induced by elastic deformations of the solid inner core due to tides and non-uniform rotation. The pressure and gravitational coupling parameters α 1 , α 2 , and α 3 can be represented as (Mathews et al., 1991a) :
where
s , and C ′ s are the corresponding moments of inertia for the inner core that are replaced by an inner core with density ρ f that is also the density of the fluid outer core at the ICB, α g represents the strength of the gravitational coupling, ǫ s is the geometric flattening of the solid inner core, ǫ is the geometric flattening of the fluid outer core and the mantle varied from the ICB to the surface of the solid Earth, and a s and a are the radii of the solid inner core and solid Earth, respectively.
Since our present study focuses only on polar motion and nutation, we did not consider the z-components of the core mantle coupling torques (including for instance, the z-components of the electromagnetic coupling torques near the CMB and ICB and the pressure and gravitational coupling torque). In addition, the z-component of the tidal torque is the second order sectorial tidal potential, hence it was neglected in this study.
The angular momenta of the solid inner core, the fluid outer core, and whole Earth can be written as (Mathews et al., 1991a) :
where the TMAS is used for the fluid outer core and solid inner core, and the coordinate system fixed with the mantle is not, but close to the TMAS, as discussed in section 2. This is the reason why the relative angular momentum H (R) variable exists in the equation for the whole Earth and can be neglected in the following derivations in our first-order approximation. Following Mathews et al. (1991a) , in the triaxial case, the moments of inertia tensor can be generalized as follows:
where c s ij , c f ij , and c ij are the moments and products of inertia caused by elastic deformation of the solid inner core, fluid outer core, and the whole Earth due to tidal and centrifugal potential, respectively.
Next, we derived the rotational equations for the whole Earth, fluid outer core, and solid inner core. In the following derivation, we treated m, m f , m s , n s , c (14), the angular momentum of the whole Earth H can be obtained. Combined with the external tidal torque Γ as expressed by equation (5), the rotational equation for the whole Earth, expressed by (2), can be re-formulated as:
Substituting the moments of inertia tensor [C f ] as expressed by equation (16) into equation (13), and further substituting equations (13), (8), and (9) into equation (3), the rotational equation of the fluid outer core can be obtained as:
Substituting the moments of inertia tensor [C s ] into equation (12), and further by substituting equations (12), (9), and (10) into equation (4), the rotational equation of the solid inner core can be obtained as:
In addition, the tilt equation of the solid inner core in the first order can be written as (Guo & Ning, 2002; Mathews et al., 1991a) :
The rotational equations for the whole Earth, fluid outer core, and solid inner core are expressed by equations (18)- (26), along with the tilt equations of the solid inner core that are expressed by equations (27)- (29), are the foundation of the triaxial three-layered Earth rotational theory. In the following sections, the rotational normal modes for the triaxial three-layered Earth rotation equations that are related with the wobbles and nutations will be investigated, . Here, we deployed the first two equations in each group of the rotational equations to focus on nutation and polar motion in this study, while the LOD problem will be investigated in a separate study.
Notice that the inertial products c 13 , c 23 , c are caused by elastic deformations due to tides and non-uniform rotation, and can be modeled in the same way as Mathews et al. (1991a) and then extended into the triaxial case as:
where the compliances κ, ξ, and ς contribute to the deformational products of inertia c 13 and c 23 for the whole Earth, compliances γ, β, and δ contribute to the deformational products of inertia c for the solid inner core that can be calculated based on the elastic displacement fields in a similar way as Sasao et al. (1980) and Mathews et al. (1991a) . The actual values of these compliances are provided in section 4.
Combining equations (18), (19), (30), and (31), the rotational equation for the whole Earth can be expressed as:
(
combining equations (21), (22), (32) and (33), the rotational equation of the fluid core can be expressed as:
and combining equations (24), (25), (34), and (35), the rotational equation of the solid inner core then can be expressed as:
The new rotational equations for the whole Earth, fluid outer core, and solid inner core, expressed by equations (36)- (41), along with the tilt equations for the solid inner core, expressed by equations (27) and (28), constitute the basic equations of the triaxial threelayered Earth rotational theory, a special case where MBHS1991 theory (Mathews et al., 1991a; Mathews et al., 2002) represents the rotationally symmetric case.
Solution Formulation of the Rotational Normal Modes for Triaxial
Three-layered Earth Rotation
In the rotationally symmetric three-layered Earth rotation case, Mathews et al. (1991a) provided the analytical rotational normal mode solutions for the three-layered Earth with only pressure and gravitational couplings acting on the solid inner core. Mathews et al. (2002) extended this model by incorporating the electromagnetic couplings near the CMB, ICB, and mantle anelasticity and ocean tide effects with the analytical rotational normal modes solutions as followings:
where e, e f and e s are the dynamic ellipticities for the whole Earth, fluid outer core, and solid inner core, respectively. Here, K CMB and K ICB can be the electromagnetic coupling parameters or the viscoelectromagnetic coupling parameters depending on the model for dissipative coupling in the fluid outer core, i.e. the electromagnetic coupling model of Mathews et al. (2002) or the viscoelectromagnetic coupling model of Mathews and Guo (2005) . The advantages of equations (42)- (45) are that the influences of the compliances and core mantle coupling parameters on the normal modes can be clearly seen.
Regarding triaxial three-layered Earth rotation, it is more complex to solve for the rotational normal modes. In fact, there are two methods to solve the rotational normal modes for the triaxial three-layered Earth rotation equations, one was proposed by Van Hoolst and Dehant (2002) and later used by Chen and Shen (2010) . The two methods are called the trigonometric function method and the eigenvalue method. They originated from the resonant frequency study of Mathews et al. (2002) who considered the electromagnetic couplings near the CMB and ICB, mantle anelasticity, and ocean tides to study forced nutations, and developed by Sun and Shen (2015) to study the CW and FCN under the frame of the triaxial two-layered Earth rotation of Chen and Shen (2010) . In both methods, the external tidal potential terms should be set to zero for the rotational normal mode solutions. Here, we generalized these two methods to give the solution formulation of the rotational normal modes for the triaxial three-layered Earth rotation.
Trigometric function method
As suggested by Van Hoolst and Dehant (2002) (see also Chen and Shen (2010) ), the dimensionless rotational parameters for the whole Earth, the fluid outer core, the solid inner core, and the tilt of the solid inner core in the triaxial three-layered Earth rotation frame can be expressed in elliptic motions: (46) where σ is the frequency of the rotational motions in cycles per sidereal day (cpsd). By substituting equation (46) into equations (36)- (41), (27), and (28) 
where M is a 16 × 16 matrix, expressed as,
where M ij are a set of 4 × 4 matrixes, expressed in Class I of Appendix A, and X is a 16 × 1 column vector written as
The rotational normal modes of the triaxial three-layered Earth can be solved by setting |M | = 0.
Eigenvalue Method
Generalizing the eigenvalue method proposed by Sun and Shen (2015) in the frame of a triaxial two-layered Earth rotation, we formulated a triaxial three-layered Earth rotation theory in the form of:
which can be written into matrix form
and
(55) According to the theory of ordinary differential equations, the solution of an equation system (51) has the form r i e σit , where σ i are the eigenvalues of F −1 G, because the motions of y are in fact sinusoidal and hence −iσ i are the rotational normal mode solutions used in this study since σ i = i(−iσ i ).
Model Input Data
In normal mode calculations, the needed input data are the dynamical figure parameters of the triaxial three-layered Earth, including the principal moments of inertia and the dynamic ellipticities of the triaxial solid mantle, triaxial fluid outer core, and triaxial solid inner core. In addition, the compliances due to tidal deformation and non-uniform rotational deformation, along with the core mantle coupling parameters, are also needed. The core mantle coupling parameters include the viscoelectromagnetic coupling parameters and the pressure and gravitational coupling parameters. e 0.0032845479 e f 0.0026456000 e s 0.0024220000 * Here, the dynamical figure parameters were obtained from Chen et al. (2015) after extending the method of Chen and Shen (2010) . The compliances were from Yang and Shen (2016) and Mathews et al. (2002) . The viscoelectromagnetic coupling parameters were from Koot, Dumberry, Rivoldini, de Viron, and Dehant (2010) , while the pressure and gravitational coupling parameters were from Mathews et al. (1991b) , from which α2 was recalculated according to the relation
The dynamical figure parameters for the triaxial three-layered Earth were from Chen et al. (2015) , see Table 1 , where e and e f were from Mathews et al. (2002) and were determined by fitting the theoretical nutation amplitudes to the precession rate and nutation data, while e s is a theoretical value from the PREM model, and the principal moments of inertia for the whole Earth were obtained using second-order gravitational potential coefficients and the dynamic ellipticity of the Earth based on an eigenvalue-eigenvector approach (Marchenko & Abrikosov, 2001; Marchenko & Schwintzer, 2003) . Combining the MHB2000 Earth model and reasonable assumptions about the Earth's internal figure, the principal moments of inertia of the fluid outer core and solid inner core were obtained after extending the method of Chen and Shen (2010) .
Listed also in Table 1 are the values of the compliances κ, ξ, γ, and β from the study of Yang and Shen (2016) , and the remaining compliances are from Mathews et al. (2002) . The compliances κ and γ are complex due to mantle anelasticity and ocean tide dissipations. The parameter K CMB represents the coupling strength of the viscoelectromagnetic coupling torque acting on the fluid outer core by the mantle, while the parameter K ICB represents the coupling strength of the viscoelectromagnetic coupling torque acting on the solid inner core by the fluid outer core. The K CMB and K ICB values were obtained from fitting the results of the nutation observations by Koot et al. (2010) , both of which are dimensionless complex numbers. The pressure and gravitational coupling parameters α 1 and α g were calculated from the PREM model by Mathews et al. (1991b) . The relevant values are listed in Table 1 .
Results of Rotational Normal Mode Solutions
Using the parameters listed in Table 1 , the rotational normal modes of the triaxial threelayered Earth rotation equations can be solved numerically using the trigometric function or eigenvalue methods. Here, we provide the rotational normal mode solutions for eight different cases. Both the trigometric function and eigenvalue methods will generate the same results except in Case IV that had a very slight difference in the FICN quality factor. Cases I and II correspond to the triaxial three-layered case and rotationally symmetric three-layered case, respectively, with both viscoelectromagnetic couplings and pressure and gravitational couplings considered. Cases III and IV were designed to investigate the dissipative properties of the solid Earth reflected from normal mode solutions and will be discussed in the next section. In Case V, the normal modes were fitted to the mean of the CW observations (see Table 2 ) and to the mean of the FCN observations (see Table 3 ). Case VI corresponds to the normal mode solutions in a rotationally symmetric case with the newly constrained compliances. In Case VII, the viscous couplings were not considered, and we deployed the electromagnetic coupling parameters in Mathews et al. (2002) to calculate the rotational normal mode solutions for comparison, i.e. K CMB = 2.245 × 10 −5 − 1.85 × 10 −5 i and K ICB = 1.11×10 −3 −0.78×10 −3 i. In Case VIII, we also only considered the electromagnetic couplings and obtained the rotational normal mode solutions for the rotationally symmetric case. The normal mode solutions for these eight cases are provided in Table 4 .
By comparing the normal mode solutions from Cases I and II with the viscoelectromagnetic couplings and Cases VII and VIII with only the electromagnetic couplings, we found that the triaxiality will prolong the CW and ICW by about 0.01 d and 0.35 d, respectively. By comparing the normal mode solutions from Case II (rotationally symmetric case under the triaxial three-layered Earth rotation theory frame) with the normal mode solutions of the MBHS1991 theory, we found that the two solutions were the same, and hence the normal mode results of MBHS1991 theory represents special cases to our general solutions. 
Dissipative Properties of the Normal Modes
Generally, there are three kinds of dissipative processes in rotational normal modes (Smith & Dahlen, 1981) ; mantle anelasticity induced dissipation, ocean tide induced dissipation, and viscoelectromagnetic coupling induced dissipation. Here, only the compliances κ, γ and the two viscoelectromagnetic coupling parameters K CMB , K ICB are complex numbers due to the dissipation caused by mantle anelasticity and ocean tides and that caused by viscoelectromagnetic coupling processes, respectively ). In this section, the three kinds of dissipative processes affecting the rotational normal modes under the frame of the triaxial three-layered Earth rotation theory and the calculation procedures will be discussed, focusing on the dissipations-sensitive quality factors of the normal modes rather than the periods variations.
Suppose there were no mantle anelasticity and ocean tide induced dissipations, and only viscoelectromagnetic coupling induced dissipations existed. For Case III, this means that the imaginary components of the compliances κ, γ were set to zero (i.e. Im(κ) = Im(γ) = 0, and Im(K CMB , K ICB ) = 0). In this case, the rotational normal modes were solved, as listed in Table 4 . From the Case III results reported in Table 4 , it can be observed that the quality factor Q of the CW became very large, while the FCN quality factor Q varied slightly, and the other two FICN and ICW rotational normal modes quality factors remained nearly unchanged. Therefore, we can conclude that the mantle anelasticity and ocean tide induced dissipations dominate the CW motion, and this caused the CW quality factor Q to change from a large value 219259.06 to 85.44, while they contributed slightly to the FCN motion.
Suppose there were no viscoelectromagnetic coupling induced dissipations, and there only the mantle anelasticity and ocean tide induced dissipations existed. For Case IV, this means that the imaginary components of the viscoelectromagnetic coupling parameters K CMB , K ICB were set to zero (i.e. Im(κ, γ) = 0, and Im(K CMB ) = Im(K ICB ) = 0). In this case, the rotational normal modes were solved and the results are listed in Table 4 . It can be observed that the CW quality factor Q remained nearly unchanged, while the Q quality factors for the rotational normal modes FCN, FICN, and ICW varied significantly. Hence, we conclude that the viscoelectromagnetic coupling induced dissipations are responsible for the rotational normal modes FCN, FICN, and ICW, with almost no effect on the CW normal mode. Case V, fit to observations from the triaxial case; Case VI, normal mode solutions from the rotationally symmetric case with the constrained compliances; Case VII, normal mode solutions with the electromagnetic coupling parameters from Mathews et al. (2002) , where the viscous couplings near CMB and ICB were not considered; Case VIII, normal mode solutions from the rotationally symmetric case with only the electromagnetic couplings from Mathews et al. (2002) 
Fitting to the Observations
There are quite a few observational results for the CW and FCN. For instance, Nastula and Gross (2015) estimated the CW period as 430.9 d and the Q value as 127 by minimizing the modeled and observed polar motion excitation function (see Table 2 ). analyzed the superconducting gravimeter data in Europe using the resonance method and obtained the FCN period as 428 d with a quality factor of 7762 < Q < 31989 (see Table  3 ). Here, we used the mean of the CW observations, 432.915 d, and the mean of the FCN observations, 430.347 d, to invert the compliances by fitting the calculated normal mode solutions to these observations. There is a FICN possible resonance effect with a period of 1300 sidereal days at the diurnal prograde frequency band, as revealed by Rosat et al. (2016) using superconducting gravimeter data and VLBI celestial pole offset series that has not been verified. Thus, corresponding to Case V, we only fit the CW and FCN observations to constrain the compliances in the triaxial case. It can be seen from the analytical formulas of the rotational normal modes (42) and (43) that, if κ becomes larger, then the CW period becomes longer, and if β becomes larger, then the FCN period becomes longer. The viscoelectromagnetic coupling parameters were fitted from the nutation data by Koot et al. (2010) and could be treated as constants, since the viscoelectromagnetic couplings were not very strong and only affect the CW, FCN, and ICW slightly, while the role of the viscoelectromagnetic couplings in the FICN will be carefully investigated in next section. The pressure and gravitational coupling parameters were determined by the structure and density of the Earth based on the PREM model or 1066A model (Mathews et al., 1991b) and can be regarded as constants. Table 4 . If we used the new inverted compliances and other necessary data to calculate the normal mode solutions in the rotationally symmetric case, namely Case VI, the results showed that the CW and ICW periods were respectively prolonged by about 0.01 and 0.35 d after considering the triaxiality, while the triaxiality had no effect on the FCN and FICN in current parameter settings. The normal mode solutions for Case VI are also shown in Table 4 .
Additional Investigations on the Rotational Normal Modes
In section 5, we mainly focused on the normal mode solutions in the triaxial and rotational symmetric cases with the solutions also fitted from observations, and on the Earth dissipation properties of the rotational normal modes. In the next section, we investigate the core mantle coupling effects on the rotational normal modes of the triaxial three-layered anelastic Earth rotation model in section 6.1, and compare the rotational normal mode solutions with those of the rotationally symmetric three-layered non-rigid Earth model formulated by Escapa et al. (2001) . Additionally, we compared the rotational normal mode solutions of the triaxial two-layered Earth rotation model formulated by Chen and Shen (2010) with the solutions of Chen and Shen (2010) in section 6.2. Here, we used both the trigometric function and eigenvalue methods, but only provide the results from the trigometric function method illustrating the very slight differences.
Core mantle coupling effects
The triaxial three-layered anelastic Earth model consists of the anelastic mantle, fluid outer core, and solid inner core. According to the core-mantle coupling models in the rotation model, we calculated the rotational normal modes corresponding to the following eight cases: Case I. The electromagnetic couplings, pressure, and gravitational couplings were considered. We used the values of the viscoelectromagnetic coupling parameters as given by Koot et al. (2010) , and the pressure and gravitational coupling parameters as given by Mathews et al. (1991b) . Case II. Only pressure and gravitational couplings were considered, meaning that the viscoelectromagnetic coupling parameters K CMB and K ICB were set to zero. Case III. Only the viscoelectromagnetic couplings were considered. Note that the pressure and gravitational coupling torque is expressed as equation (8), and in this case we needed to set the pressure and gravitational coupling torque to zero to re-derive the motion equation of the solid inner core (equation (4)) and thus obtained the new normal mode matrix. Case IV. No couplings were considered. Case V. Only the pressure coupling was considered. By carefully examining the pressure and gravitational coupling torque given by Mathews et al. (1991a) , we separated the pressure coupling torque from the gravitational coupling torque. The pressure coupling torque is expressed as:
We replaced the original pressure and gravitational coupling torque Γ s with this pressure coupling torque Γ p and rederived the normal mode matrix. Case VI. Only the gravitational coupling was considered. As discussed in Case V, the gravitational coupling torque can be expressed as:
where the terms associated with n s 1 and n s 2 are related to the gravitational coupling torque acting on the solid inner core by the fluid outer core and solid mantle. If they are combined with the pressure coupling, the gravitational coupling will be damped by a factor of α 3 with the physical meaning of a density jump at the ICB. The terms associated with φ i (i=1,2) are due to external tidal attraction. In this case, we replaced the original pressure and gravitational coupling torque Γ s with this gravitational coupling torque Γ g and rederived the normal mode matrix. Case VII. Consider only pressure coupling and viscoelectromagnetic coupling. Case VIII. Only the gravitational coupling and viscoelectromagnetic coupling were considered. For both the trigometric function and eigenvalue methods, we divided the different core mantle coupling conditions into four classes, and the corresponding normal mode matrixes and eigenvalue matrixes are present the results in Appendix A and 2.
Next, we used the parameters as given in section 4 to calculate the rotational normal modes for the eight core-mantle coupling cases using both the trigometric function and eigenvalue methods. Both methods generated approximately the same results, where the eigenvalue method led to very slight differences in the quality factors in some cases compared with trigometric function method. Hence, only the results corresponding to the eight coupling cases based on the trigometric function method are listed in Table 5 . We investigated the effect of pressure coupling, gravitational coupling, and electromagnetic couplings on the rotational normal modes by comparing the different cases.
The CW periods in Cases I and II were 432.92 d and 432.918 d, respectively, the lengthening of 0.002 d was caused by electromagnetic couplings near the CMB and ICB. We found that the pressure coupling dominates the FICN and causes its prograde motion, while the viscoelectromagnetic and gravitational couplings will lead to a retrograde FICN motion. Xu and Szeto (1998) used the Euler kinematic and dynamical equation to investigate the effect of pressure and gravitational coupling on the FICN and ICW, and found that the FICN can be retrograde when there is no pressure coupling. When modeling the electromagnetic couplings, Buffett, Mathews, and Herring (2002) also found that the electromagnetic couplings will cause the FICN to be retrograde. Similarly, in studying the forced precession of the inner core of the Moon, Dumberry and Wieczorek (2016) If there is no pressure coupling, the gravitational coupling and viscoelectromagnetic coupling acting on the solid inner core, then the FICN frequency will be −1.0 cpsd, indicating the absence of the FICN first found by Xu and Szeto (1998) .
We also found that the pressure and gravitational couplings were more important for the ICW than the viscoelectromagnetic couplings, that only had a slight effect and can be seen by comparing Cases I and II, Cases III and IV, Cases V and VII, and Cases VI and VIII. The pressure coupling is a damping torque and the main cause for long ICW periods. Hence, the ICW period was about 130.0 d in Cases VI and VIII, 7663.76 d (21 yr) in Case V, and 7671.54 d (21 yr) in Case VII. If both pressure and gravitational coupling are considered, the gravitational coupling will also be damped by the fluid outer core with a damping factor of α 3 , and thus the ICW period was 2410.56 d or 2413.01 d (6.6 yr), where the viscoelectromagnetic couplings only slightly lengthened the ICW. If there is no pressure and gravitational coupling, the ICW period will be about 412.0 d, and represents the essence of the dynamical ellipticity of the solid inner core first pointed out by Mathews et al. (1991a) . Xu and Szeto (1998) also investigated the effect of pressure and gravitational coupling on ICW in the time domain and found that the ICW period was 132 d only in the gravitational coupling case, 416 d in the case without coupling on the inner core, 5 yr in the case with both pressure and gravitational coupling, and 20 yr in the pressure only coupling case. These results are close to our results and the differences may be caused by the rigid mantle and inner core Earth model they deployed.
Further numerical calculations of the rotational normal modes indicated that the viscoelectromagnetic coupling near the CMB had hardly any effect on the FICN and ICW. The pressure, gravitational, and viscoelectromagnetic couplings acting on the solid inner core dominated the rotation behaviors of the FICN and ICW. et al. (2001) constructed a rotationally symmetric three-layered Earth rotation theory and provided four rotational normal mode solutions based on a rigid mantle, fluid outer core, and rigid inner core Earth model by using the HA approach. The normal mode solutions of Escapa et al. (2001) are very different from those of Mathews et al. (1991b) because they used different Earth models, but consistent results could be obtained when simplifying the MBHS1991 theory (Mathews et al., 1991a) . Under the assumption that the Earth consists of a rigid mantle, fluid outer core, and rigid inner core, considering only the pressure coupling and the rotationally symmetric case, our theory provides normal mode solutions that are close to the results given by the rotationally symmetric three-layered Earth rotation theory constructed by Escapa et al. (2001) . Escapa et al. (2001) provided the following values for the above pressure coupling parameters:
Comparison with Other Results

Escapa
where δ equals 0.002232. When we deployed the dynamic figure parameters in Escapa et al. (2001) for comparison purposes, we obtained rotationally normal mode solutions very close to their numerical results both with the trigometric function and eigenvalue methods, as listed in Table 6 . If we neglect all terms related to solid inner core, our theory is simplified to triaxial two-layered Earth rotation theory as formulated by Chen and Shen (2010) , that can be expressed as:
where the variables corresponding to the former fluid outer core now represent the variables for the whole fluid core, namely the outer core and inner core constituting the whole fluid core. If we deploy the trigometric function method, the normal mode matrix M now degenerates to a 8 × 8 matrix:
and the normal modes of the anelastic mantle, fluid core Earth model, namely the CW and FCN, can be derived by setting |M | = 0. If we deploy the eigenvalue method, the triaxial two-layered Earth rotation theory can be written into matrix form as:
Similarly, the CW and FCN rotational normal modes of this triaxial two-layered Earth rotation theory can be obtained by solving the eigenvalue σ i = F −1 G and the rotational normal mode solutions will be −iσ i as stated in section 3.2.
Here, we used the data in Table 1 with the trigometric function and eigenvalue methods to calculate the rotational normal modes of this triaxial two-layered Earth rotation theory, namely CW and FCN, the results of which were the same, and consistent with those listed in Table 7 . The period and quality factor of the CW were very close to those as given in Case I (see section 5), and the period and quality factor of the FCN were larger than those given in Case I (see section 5) due to the fact that this two-layered case did not consider the viscoelectromagnetic coupling, and the pressure and gravitational couplings acting on the solid inner core. 
Conclusions
As a generalization of both the rotationally symmetric three-layered Earth rotation theory (MBHS1991 theory) and the triaxial two-layered Earth rotation theory (Chen & Shen, 2010) , here we formulated a triaxial three-layered Earth rotation theory. Our study showed that the triaxiality will lead to a CW period increase of about 0.01 d, and an ICW period increase of about 0.35 d.
There are three kinds of dissipative processes; mantle anelasticity induced dissipation, ocean tide induced dissipation, and viscoelectromagnetic coupling induced dissipation. The mantle anelasticity and ocean tide induced dissipations are mainly responsible for the CW, and contribute little to the FCN, while the viscoelectromagnetic coupling induced dissipations are mainly responsible for the FCN, FICN, and ICW.
By fitting the calculated results to the CW and FCN observations, a group of new compliances were obtained, providing κ = 1.24063 × 10 −3 − 1.195 × 10 −5 i, γ = 1.601 × 10 −3 − 1.073 × 10 −4 i, and β = 6.238 × 10 −4 , with other the compliances unchanged. Using these new compliances, new normal mode solutions can be provided under the rotationally symmetric case, allowing us to validate the results from the triaxial case with those from the biaxial case. Compared to the biaxial case, in the triaxial case, the CW period increased by about 0.01 d, the ICW period was prolonged by about 0.35 d, and the triaxiality had no effect on the FCN and FICN in the current parameter settings.
Conventionally, the viscoelectromagnetic couplings, pressure and gravitational coupling are combined when investigating their effects on the rotational normal modes, and this may conceal the individual role of core mantle couplings. Hence, we separated the pressure coupling from the gravitational coupling, and provided various numerical results for the rotational normal modes using eight different cases.
The viscoelectromagnetic couplings had a nearly negligible effect on the CW, while the pressure and gravitational coupling shortened the CW by about 0.07 d. The gravitational coupling either individually, or combined with the pressure coupling had no effect on the FCN, however, the pressure coupling shortened the FCN by about 1.91 d. The viscoelectro-magnetic couplings either individually, combined with the pressure coupling, or combined with the pressure and gravitational coupling shortened the FCN by about 5.6 d, while combining the viscoelectromagnetic couplings with the gravitational coupling shortened the FCN by about 7.5 d. This phenomenon might be caused by different interactions between the viscoelectromagnetic coupling with the pressure or gravitational couplings acting on the solid inner core, respectively, and may be evidence for the effect of the solid inner core on the FCN.
Pressure coupling dominates a prograde FICN, while the viscoelectromagnetic and gravitational couplings will lead to a retrograde FICN and partly cancel the effect of the pressure coupling to give rise to a longer FICN period. The viscoelectromagnetic couplings will lengthen the ICW slightly, while the pressure coupling will damp and cause a longer ICW period. Considering only the gravitational coupling, the ICW period will be about 130 d, which is very short, while considering the damping of the pressure coupling, the ICW period will be 6.6 yrs.
Our study shows that, under different conditions, the triaxial three-layered Earth rotation theory will degenerate to the rotationally symmetric three-layered Earth rotation theory or the triaxial two-layered Earth rotation theory. Here we point out that, in this study, we did not consider the second-order effects of geometric and dynamical flattenings of the triaxial three-layered Earth model, or the topographic couplings between the inner and outer cores and between the mantle and outer core, and these will be investigated in future studies. 
Note that for Class II, III, IV, only the components related with solid inner core are different from components of Class I, hence, we provided only the components of the normal mode matrix related with the solid inner core below.
For Class II, the first three components of the normal mode matrix related with the solid inner core, i.e. M 3j (j = 1, 2, 3) are the same as Class I, and the only different component M 34 can be expressed as: 
We found that the Class II can be obtained by setting α g = 0, α 2 = α 1 − α 3 α g = α 1 in Class I.
For Class III, the component of the normal mode matrix related with the solid inner core (i.e. M 3j , j = 1, 2, 3, 4) can be expressed as: 
For Class IV, the first three components of the normal mode matrix related with the solid inner core, i.e. M 3j (j = 1, 2, 3) are the same as Class III, and the only different component M 34 can be expressed as: (20) We can find that the Class IV can be obtained by setting α g = 0 in Class III.
The Eigenvalue Matrix with Eigenvalue Method
The core mantle coupling category cases in Appendix A are also correct for the normal mode solutions of the triaxial three-layered Earth rotation theory based on the eigenvalue method. The matrix F is the same for both four classes of core mantle couplings, and the matrix G for Class I has been provided in section 3.2. For the Class II, the matrix G will be the same as Class I after setting α g = 0, α 2 = α 1 − α 3 α g = α 1 .
For the Class III, the matrix G can be expressed as: 
For the Class IV, the matrix G can be obtained by setting α g = 0 in Class III.
